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Abstract

The evolution of fiber debonding, and sliding, in fibrous laminates is modeled by a coupled micro/macro-mechanical

analysis scheme. The laminates under consideration have a symmetric layup, and are subjected to mechanical loads. The

individual plies are elastic, have a unidirectional reinforcement, and can suffer local damage at the fiber/matrix interface

when the resolved normal and shear stresses exceed their ultimate magnitudes. The local fields in the plies are assumed to

be periodic, and are approximated by the finite element method for overall loads and local resolved stresses that are in

excess of the interface strength. Local effects in the individual plies are scaled up to the laminate analysis through stress

transformation factors, which are a function of the elastic properties of the plies and their stacking configuration.

The proposed analysis was implemented for a periodic array model of the laminas, and for in-plane loading of the

laminate. The model predictions for a unidirectional steel/epoxy system subjected to transverse loading compare

remarkably well with experimental measurements. This result, and several other examples given for axial and off-axis

loading of SiC/CAS laminates, illustrate the model capabilities in predicting the overall strains in the presence of

simultaneous, progressive debonding in the individual plies.
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1. Introduction

Material interfaces present in composite aggregates have a profound effect on the local fields and on the

overall behavior. Weak or debonded interfacial regions cause redistribution of the local stresses, which

generally enhances the overall compliance. This is manifested in the measured overall response of elastic,

fibrous composite systems under transverse tensile stress (Ghosh et al., 2000; Tandon et al., 2000), and
under shear stress (Wooh and Daniel, 1994). In general, a knee in the overall stress–strain response, which

is otherwise linear, and a reduced overall stiffness characterize the onset of fiber debonding or sliding. The

debonded regions propagate along the fiber interface under subsequent loading, which leads to further

reductions in the overall stiffness. A constant value is eventually measured for the overall moduli, which is

indicative of local damage saturation.
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Several publications have been devoted to describing initiation and propagation of fiber debonding in

unidirectional composites, both experimentally and analytically. Examples are found in the work of Evans

et al. (1989), Hsueh and Becher (1998), Hutchinson and Jensen (1990), Liu and Kagawa (1996), Marshall

(1992), Mumm and Faber (1995), Pochiraju et al. (2001), Steif and Dollar (1992), and Zhou et al. (1999),
among many others. Since the objective was to understand and characterize this phenomenon, the focus has

been on the local, interfacial behavior. The effect of fiber debonding on certain overall moduli of a uni-

directional composite has also been the subject of several publications, among which is the work of Dvorak

and Zhang (2001), Nimmer et al. (1991), Shan and Chou (1995), and Steif and Dollar (1988). The infor-

mation obtained from these studies is invaluable in describing the local debonding event and its reper-

cussion on the overall behavior, and in providing mechanical properties, such as the interface strength

magnitudes and the decay in overall moduli.

Modeling the overall behavior of unidirectional fibrous systems in the presence of local interface damage
under specific loading regimes, however, cannot be utilized in composite structures, such as laminates, since

the lamina loading path is not known a priori. Instead, the problem needs to be analyzed under a general

stress or strain state, which follows a general regime, such that it can be included in a hierarchical analysis

for composite structures. On the other hand, analytical characterization of the overall behavior of lami-

nated structures, as macroscopically homogeneous, anisotropic materials with local interface damage is not

feasible since the local fields are not known.

This paper describes an analytical approach for predicting the overall response of symmetric fibrous

laminates under overall in-plane loads and local fiber debonding. The model is a coupled micro/macro-
mechanical analysis scheme with closed form equations developed for the laminate, and a finite element

analysis performed for the individual plies. The latter assumes a periodic dispersion of elastic fibers in an

elastic matrix, and replaces the local fields in a representative volume element (RVE) by a piecewise uniform

approximation. Fiber debonding and sliding is examined in terms of the stresses in the matrix, averaged

over small volumes adjacent to the fiber boundary. Stress transformation factors, which depend on the

elastic properties of the plies and their stacking configuration, scale these local effects up to the laminate. A

two-phase, fully debonded, averaging material model representing the unidirectional plies was also im-

plemented in the proposed method for comparison with the finite element results. This paper is organized as
follows: analysis of a unidirectional fibrous lamina, with progressive fiber debonding is described in Section

2, and analysis of symmetric laminates is given in Section 3. Results, which illustrate the model predictions

for unidirectional composites and laminates are given in Section 4, including a comparison with experi-

ments. The paper concludes with a closure in Section 5, which summarizes the work performed and dis-

cusses related issues that can benefit from future research.

The notation used here are symbolic, where symmetric second-order tensors are written as (6 · 1) ma-

trices and denoted by boldface, lower case letters, and symmetric fourth-order tensors are written as (6 · 6)
matrices and denoted by boldface, upper case letters. Connections with tensor notation are easily estab-
lished. For example, the stress tensor rij, and strain tensor eij, with the symmetry rij ¼ rji and eij ¼ eji, are
written in a matrix form as r ¼ ½r11; r22; r33; r23; r31; r12�, and e ¼ ½e11; e22; e33; 2e23; 2e31; 2e12�. Similarly,

fourth-order tensors having at least the symmetries Aijkl ¼ Ajikl ¼ Aijlk are reduced to (6 · 6) matrices A,

such that AA�1 ¼ A�1A ¼ I, the identity matrix.
2. Analysis of a unidirectional lamina

2.1. Constitutive equations

A volume V of the composite aggregate is selected such that it is representative of the fibrous lamina
under consideration. The local stresses and strains within V vary pointwise, but will be approximated by
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piecewise uniform fields over subvolumes Vr, r ¼ 1; 2; . . . ;Q, such that V ¼
P

Vr, or
P

cr ¼ 1, where

cr ¼ Vr=V is the volume fraction. The number of subvolumes Q may be as small as two; one belongs to the

matrix and the other to the fiber, as approximated for example by the averaging models. On the other hand,

the fiber and matrix can be subdivided into many small volumes, which reside in either phase as employed,
for example, in finite element modeling of the representative volume V . Let _rrr and _eer denote time rates of

stress and strain volume averages in a subvolume, and _�rr�rr and _�ee�ee denote uniform overall stress and strain rates

in the material principal coordinates �xx of the lamina. Then
_�rr�rr ¼
XQ
r¼1

cr _rrr; _�ee�ee ¼
XQ
r¼1

cr _eer: ð1Þ
Constitutive equations of the phases or subvolumes subjected to _eer, or _rrr, and simultaneously under-

going uniform transformation strain _llr, or stress
_kkr are written as
_rrr ¼ Lr _eer þ _kkr; _eer ¼ Mr _rrr þ _llr; ð2Þ

where Lr and Mr ¼ L�1

r are elastic stiffness and compliance. From Eq. (2), the transformation stress and

strain are related by _kkr ¼ �Lr _llr.

Similarly, the constitutive equations for the composite aggregate subjected to overall uniform strain _�ee�ee, or
stress _�rr�rr, and undergoing uniform transformation strain _�ll�ll, or stress _�kk�kk, are written as
_�rr�rr ¼ L _�ee�eeþ _�kk�kk; _�ee�ee ¼ M _�rr�rrþ _�ll�ll; ð3Þ

where L and M ¼ L

�1
are overall elastic stiffness and compliance matrices, and _�ll�ll and _�kk�kk are related by

_�kk�kk ¼ �L _�ll�ll.
The connection between the local strain and stress fields and their overall counterparts are found by

superposition of mechanical and transformation field contributions (Dvorak, 1992),
_eer ¼ Ar _�ee�eeþ
XQ
s¼1

Drs _lls; _rrr ¼ Br _�rr�rrþ
XQ
s¼1

Frs
_kks; ð4Þ
where Ar and Br represent strain and stress concentration factors for the phase or subvolume (Hill, 1963,

1965), and Drs and Frs are transformation influence functions. Both the concentration factors and the in-
fluence functions depend on the microgeometry of the composite aggregate and elastic moduli of the

phases, and are determined from a micromechanical model.

If the concentration factors Ar and Br are known, one can find from Eqs. (1)–(4), in the absence of

transformation fields, the overall elastic stiffness and compliance in the form
L ¼
XQ
r¼1

crLrAr; M ¼
XQ
r¼1

crMrBr: ð5Þ
The transformation stress and strain are given in terms of their local counterparts by the generalized Levin�s
(1967) formula (Dvorak and Benveniste, 1992),
_�kk�kk ¼
XQ
r¼1

crA
T
r
_kkr; _�ll�ll ¼

XQ
r¼1

crB
T
r _llr: ð6Þ
2.2. Local damage

Consider discrete damage in the phases or subvolumes that is characterized by loss of certain stiffness

coefficients. The onset of damage is determined by in situ damage criteria. One such criterion is fiber
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debonding, which is considered in Section 2.3. Our objective here is to describe how the stresses released in

the damaged subvolumes are distributed in the lamina such that stress equilibrium is maintained.

Let t� denote the time which signals the onset of damage in Q� subvolumes, where Q� < Q, and rqðt�Þ,
q ¼ 1; 2; . . . ;Q�, denote the accumulated stresses found at time t� in this group of subvolumes. Certain
stress tractions caused by rqðt�Þ, but resolved into the free surfaces created for example by fiber debonding,

must now be released and redistributed. Let r̂rq denote the released stresses in element Vq referred to the

lamina coordinate system �xxj, j ¼ 1, 2, 3. These are written in terms of the accumulated stress rqðt�Þ as
r̂rq ¼ �Uqrqðt�Þ: ð7Þ
The form of matrix Uq depends on the micromechanical model of the composite aggregate and the local

damage criterion. Specific forms are given in Section 2.3.

For each subvolume Vq, q ¼ 1; 2; . . . ;Q�, with local damage, the elastic stiffness Lq is modified to reflect

the effect of damage on the elastic response. Generation of the reduced stiffness matrix, denoted by L�
q, is

provided in Section 2.3. Next, new concentration factors A�
r , B�

r , and influence functions D�
rs, F�

rs,

r; s ¼ 1; 2; . . . ;Q, are computed with the micromechanical model of the lamina to reflect the changes in local

stiffness.

At the onset of damage t ¼ t�, stress release from the damaged elements and their subsequent distri-

bution within V is assumed to be instantaneous while the overall load is held constant. Hence at t ¼ t�þ,
immediately after the onset of damage, there is _�rr�rr ¼ 0, and the transformation stresses in the subvolumes are

given by (7). Substituting into (4)2, the local stresses caused instantaneously in Vr, r ¼ 1; 2; . . . ;Q, by the

inception of damage in Vq, q ¼ 1; 2; . . . ;Q�, are obtained, and the accumulated stress at t ¼ t� is modified as
rrðt�þÞ ¼ rrðt�Þ �
XQ�

q¼1

F�
rqUqrqðt�Þ: ð8Þ
Clearly, damage may develop in new subvolumes as a result of the stresses induced by (8). Upon evaluation

of the local stresses by Eq. (8), the local damage criteria must be re-examined, and the stresses released from
newly damaged subvolumes, if any, are redistributed. This process is repeated until damage saturation is

reached at the current time t ¼ t�. Whenever new subvolumes show damage, their elastic stiffness is

modified and the stress concentration factor and influence coefficient are recalculated. The latter is denoted

by F�
rq in Eq. (8).

2.3. Micromechanical models with simulated fiber debonding

2.3.1. Two-phase averaging models

This class of models centers on Eshelby�s solution (Eshelby, 1957) of an ellipsoidal inhomogeneity in an
infinite matrix under remotely applied uniform fields, to estimate the average stresses and strains in the fiber

(f ) and the matrix (m) and hence the stress and strain concentration factors Ar, Br, r ¼ f ;m. In this case, the

number of subdivisions of the representative volume V is Q ¼ 2, as depicted in Fig. 1a, with Vr, r ¼ f ;m,
denoting volume of the fiber and matrix phases, and cf , cm their volume fractions. The overall elastic

stiffness and compliance are then found from Eq. (5). If on the other hand, the overall elastic moduli are

known, by experimental measurements for example, the concentration factors can be found in closed form

as (Hill, 1963)
Ar ¼ ðLr � LsÞ�1
L
�

� Ls

�
=cr; Br ¼ ðMr �MsÞ�1

M
�

�Ms

�
=cr; r; s ¼ f ;m: ð9Þ
In any case, the influence coefficients are written in terms of the concentration factors and the phase elastic

moduli as (Dvorak, 1991)



Fig. 1. Schematic of micromechanical models of a fibrous composite, (a) averaging model, and (b) periodic hexagonal array model.
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Drf ¼ ðI� ArÞðLf � LmÞ�1
Lf ; Drm ¼ �ðI� ArÞðLf � LmÞ�1

Lm; ð10Þ

Frf ¼ ðI� BrÞðMf �MmÞ�1
Mf ; Frm ¼ �ðI� BrÞðMf �MmÞ�1

Mm; r ¼ f ;m: ð11Þ
Estimates of the overall moduli provided by the Mori–Tanaka averaging model (Mori and Tanaka, 1973;

Benveniste, 1987) are given in Appendix A.

Consider local damage in the form of debonding and/or sliding along the fiber/matrix interface. In

principle, partial debonding of a single fiber from the surrounding matrix can be characterized since Es-
helby�s solution provides details of the matrix stress at the vicinity of the fiber interface. On the other hand,

progressive debonding which involves several interacting fibers is a more difficult problem (Dvorak and

Zhang, 2001). In the present work, assessment of damage at the fiber interface was based on the magnitude

of the local field averages given by the Mori–Tanaka model. Consequently, debonding, or sliding, is as-

sumed to take place along the entire circumference of the fiber interface when the maximum stresses re-

solved at the fiber circular boundary reach their respective ultimate values. The solution of the inclusion

problem under certain overall stress, or strain, components which promote debonding or sliding therefore

becomes that of a matrix containing a cavity that has the same shape as the fiber. In this case, we have
rqðt�Þ ¼ rf ðt�Þ, the fiber stress found at the onset of damage.

Since the fiber stress is uniform, the resolved interface radial and shear stresses are computed as the

principal, transverse normal and shear stresses in the fiber. Let the �xx1-axis be aligned with the fiber longi-

tudinal axis and �xx1�xx2 is the transverse plane. Then, the onset of fiber sliding or debonding in the transverse

plane is characterized, respectively, by
rRT � 1

4
rf
22

��
� rf

33

�2 þ rf
23

� �2�1=2

¼ sult or rRR � 1

2
rf
22

�
þ rf

33

�
þ rRT ¼ rult; ð12Þ
where rRR is the maximum principal stress and rRT is the maximum shear stress in the transverse plane, rult

is the interface normal bond strength, and sult is the shear bond strength. Separation of the fiber and matrix

under these conditions creates a stress-free interface. Under the uniform stress present in the fiber, a stress-

free interface is modeled by vanishing the fiber transverse Young�s modulus and shear modulus,
Ef
T ¼ Gf

T ¼ 0 (Bahei-El-Din, 1996). The fiber stresses released in this case are the transverse normal and

shear stresses. Hence matrix Uq, q ¼ f , in Eq. (7) is a diagonal matrix with U22 ¼ U33 ¼ U44 ¼ 1,

U11 ¼ U55 ¼ U66 ¼ 0.

Sliding along the fiber meridians occurs when the fiber longitudinal shear stress rf
31 or rf

12, attains the

interface ultimate shear strength sult. In this case, the longitudinal shear modulus of the fiber vanishes,

Gf
L ¼ 0. Hence, U55 ¼ U66 ¼ 1, U11 ¼ U22 ¼ U33 ¼ U44 ¼ 0.

Under these circumstances, the reduced stiffness matrix of the fiber L�
f is singular and the compliance M�

f

does not exist. However, the stress concentration factors A�
r , and the strain transformation influence co-

efficients D�
rf , D

�
rm, r ¼ f ;m, can still be computed from Eqs. (9)1 and (10). Computing the corresponding
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stress concentration and influence coefficients, on the other hand, cannot be achieved with Eqs. (9)2. In-

stead, the following equivalent equations are used (Bahei-El-Din, 1996)
Fig. 2.
Br ¼ LrArM; Frf ¼ ðI� BrÞðI� LfMmÞ�1
; Frm ¼ ðI� BrÞðI� LmMf Þ�1

; r ¼ f ;m: ð13Þ
Appendix A lists the overall moduli derived from the Mori–Tanaka model for interface separation pro-

moted either by transverse debonding/sliding or longitudinal sliding.
2.3.2. Periodic array models

Under overall uniform fields applied to a periodic approximation of the actual material microgeometry,
a unit cell that is representative of the composite lamina can be selected for evaluation of the local fields and

overall response (Iwakuma and Nemat-Nasser, 1983; Dvorak and Teply, 1985; Nemat-Nasser and Hori,

1993; Michel et al., 1999). In this case, the subdivisions Vr, r ¼ 1; 2; . . . ;Q, represent finite volumes which

belong either to the matrix or to the fiber. The stress and strain are assumed to be uniform within each

subvolume. In the present work, we represent the microgeometry of a fibrous lamina in the transverse plane

by a periodic hexagonal dispersion of the fibers (Dvorak and Teply, 1985). Fig. 1b shows the idealized

transverse plane and the smallest RVE that can be selected for evaluation of the local fields. A 3D view of

the RVE is shown in Fig. 2a, and a sample subdivision into finite elements is given in Fig. 2b.
The overall response and the piecewise uniform local stresses and strains in the subvolumes caused by a

uniform stress increment _�rr�rr, or strain increment _�ee�ee, can be either evaluated from Eqs. (4)–(6), or computed

with a finite element analysis of the representative volume.

In the finite element evaluation, the representative volume is supported against rigid body motion

as shown in Fig. 2a and subjected to nodal forces, which equilibrate the overall stress rates. Assuming

a linear displacement field for an equivalent, macroscopically homogeneous RVE, the nodal forces, _ppk,
k ¼ 1; 2; . . . ; 6, applied at the independent degrees of freedom, Fig. 2a, are derived as (Bahei-El-Din et al.,

1998)
_pp1 ¼ �H
n
_�rr�rr22; _pp2 ¼ �H

n
_�rr�rr23; _pp3 ¼ �Hn

2
_�rr�rr33 þ

H
2n

_�rr�rr23 �
1

2
_�rr�rr31;

_pp4 ¼
Hn
2

_�rr�rr33 þ
H
2n

_�rr�rr23 �
1

2
_�rr�rr31; _pp5 ¼ _�rr�rr11; _pp6 ¼ _�rr�rr12;

ð14Þ
RVE of a hexagonal array model, (a) geometry and boundary conditions, and (b) finite element mesh in the transverse plane.
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where n ¼
ffiffiffi
34

p
, and H is the length of the unit cell in the axial direction �xx1. Multipoint constraints derived

from the assumed periodic geometry of the microstructure are applied at the boundary of the representative

volume together with generalized plane strain boundary conditions (Teply and Dvorak, 1988). Time history

of the local fields and overall strains are then given by an iterative finite element solution (Bahei-El-Din,
1996).

If on the other hand, Eqs. (4)–(6) are employed, the representative volume is treated as an aggregate of

subvolumes Vr, r ¼ 1; 2; . . . ;Q, with concentration factors Ar, Br, and transformation influence functions,

Drs, Frs, r; s ¼ 1; 2; . . . ;Q, which depend on the selected microgeometry and the local properties. Consid-

ering the hexagonal array model, the required factors are determined from finite element analysis of the

representative volume in Fig. 2 under nodal forces which represent certain overall stress components. For

example, the kth column, k ¼ 1; 2; . . . ; 6, of the stress concentration matrix Br, r ¼ 1; 2; . . . ;Q, is given by

the stresses caused in Vr by an overall stress component rk ¼ 1, as suggested by Eq. (4)2.
Similarly, Eq. (4)1 suggests that the kth column, k ¼ 1; 2; . . . ; 6, of the transformation matrix, Drs,

r; s ¼ 1; 2; . . . ;Q, represents the strains caused in subvolume Vr by a transformation strain lk ¼ 1 applied to

Vs, while the unit cell is fully constrained. The equivalent nodal forces are given by (Bahei-El-Din, 1996)

p ¼ �VsK
TLsls, where K relates nodal displacements and element strains and ls is the transformation strain

vector applied to Vs. A total of 6Q similar problems are to be solved to compute all six columns of the

transformation influence functions. However, internal symmetry of the unit cell in the transverse plane can

be utilized to simplify this process (Dvorak et al., 1994). Evaluation of the stress influence functions Frs

follows a similar procedure in which a unit transformation stress component kk ¼ 1, k ¼ 1; 2; . . . ; 6, is
applied to Vs.

In the absence of local damage, the concentration factors and transformation influence functions are

constant, and are computed prior to the analysis of the RVE. On the other hand, changes in the local

stiffness of the subvolumes due to damage require re-evaluation of all the factors in the course of the

numerical solution of Eqs. (4)–(6). In this case, evaluation of the local fields and overall strains using a full

finite element solution of the RVE as described earlier can be more efficient.

With the element stresses determined along the loading path, the onset of local damage in the form of

debonding and/or sliding along the fiber/matrix interface is evaluated by comparing the resolved stresses in
the matrix interface elements to the interface strength magnitudes. Referring to the cylindrical coordinate

system shown in Fig. 2b, and accounting for friction, the onset of fiber debonding caused in the transverse

plane by the radial traction component is characterized by
rRR � max rðrÞ
RR

n o
r¼1;2;...;Q�

¼ rult; ð15Þ
where Q� denotes the number of matrix elements at the fiber interface. Sliding at the interface in the

transverse plane is caused by the tangential traction component and is characterized by
rRW � max
jrðrÞ

RWj if rðrÞ
RR P 0

jrðrÞ
RWj þ trðrÞ

RR if rðrÞ
RR < 0

8<:
9=;

r¼1;2;...;Q�

¼ sult; ð16Þ
where t is coefficient of friction. The resolved radial and shear tractions are given by
rðrÞ
RR ¼ rðrÞ

22 cos
2 wr þ rðrÞ

33 sin
2 wr þ rðrÞ

23 sin 2wr;

rðrÞ
RW ¼ 1

rðrÞ
33

�
� rðrÞ

22

�
sin 2wr þ rðrÞ

23 ðcos2 wr � sin2 wrÞ:
ð17Þ
2
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The onset of sliding in the longitudinal plane is determined by the equality
r1R � max
jrðrÞ

1R j if rðrÞ
RR P 0

jrðrÞ
1R j þ trðrÞ

RR if rðrÞ
RR < 0

( )
r¼1;2;...;Q�

¼ sult; ð18Þ
where the resolved longitudinal shear stress in the interface elements is written as
rðrÞ
1R � rðrÞ

31 sinwr þ rðrÞ
12 coswr: ð19Þ
At the onset of interface debonding by one or more of the failure criteria given by Eqs. (15), (16) or (18),
in Q� matrix interface elements, certain stress tractions cannot be transmitted across the interface and must

be released and redistributed at an overall stress increment _�rr�rr ¼ 0. The corresponding stresses described in

the lamina coordinate system are given by Eq. (7) in terms of matrix Uq, q 2 Q�. Moreover, the local

stiffness matrix must be modified to reflect inability of the affected interface elements to support certain

stress components under subsequent loading. Appendix B lists these matrices for each of the damage

criteria given by Eqs. (15), (16) and (18).
3. Analysis of a symmetric laminate

3.1. Governing equations

We now consider a symmetric laminated plate consisting of 2N fully bonded thin elastic plies, Fig. 3,

subjected to mechanical loads. Referred to a Cartesian coordinate system, xj, j ¼ 1, 2, 3, in which the x1x2-
plane coincides with the midplane of the laminate, in-plane membrane forces and the corresponding uni-

form stresses, r11, r22, and r12 are applied, together with a uniform normal stress r33, in the thickness

direction x3. The out-of-plane normal stress, which might be combined with the in-plane loads, is found, for

example, in fabrication by isostatic pressing, and in pressure vessels. Let _rr ¼ ½ _rr11; _rr22; _rr12� lists the in-plane
stress rates applied to the laminate, and _ee ¼ ½ _ee11; _ee22; 2 _ee12� lists the corresponding strain rates. The latter are

caused by the applied stresses, _rr and _rr33, and any transformation strains, or stresses, generated in the
individual plies, such as stresses released due to local damage.
Fig. 3. Geometry of a symmetric laminate.
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Hence, time rates of the laminate in-plane stresses and strains are related by (Bahei-El-Din, 1992),
_rr ¼ L _eeþ k _rr33 þ _kk; ð20Þ

_ee ¼ M _rrþ f _rr33 þ _ll; ð21Þ
where _kk ¼ ½ _kk11; _kk22; _kk12� and _ll ¼ ½ _ll11; _ll22; 2 _ll12� are in-plane transformation stress and strain, respectively, L

and M are the elastic stiffness and compliance matrices for in-plane loading, k lists the in-plane stresses

caused by a unit out-of-plane stress, r33 ¼ 1, in the absence of e and k, and f is the elastic compliance

associated with the out-of-plane normal stress. From (20) and (21), there is L ¼ M�1, k ¼ �Lf, k ¼ �Ll.
In analogy with (20) and (21), the uniform in-plane stress and strain rates of a ply (i), i ¼ 1; 2; . . . ;N , in

the local coordinate system �xxj, j ¼ 1, 2, 3, Fig. 3, can be written as,
�~rr~rr
_

i ¼ eLLi
_�~ee~ee�~ee~eei þ �kki _�rr�rr

ðiÞ
33 þ

_�~kk~kk�~kk~kki; ð22Þ

�~ee~ee
_

i ¼ fMMi
_�~rr~rr�~rr~rri þ �ff i _�rr�rr

ðiÞ
33 þ _�~ll~ll�~ll~lli: ð23Þ
Here, symbols decorated with a top tilde (�) indicate quantities associated with in-plane loads. Matrices eLLi

andfMMi ¼ eLL�1

i are elastic stiffness and compliance matrices, �kki and �ff i ¼ �fMMi
�kki are in-plane stress and strain

caused in the ply by a unit out-of-plane normal stress, and �~ll~lli and
�~kk~kki ¼ �eLLi

�~ll~lli are in-plane transformation

strain and stress. To make the connection between the equations derived in Section 2 and the equations

derived here, we write the lamina in-plane stress and strain vectors �~rr~rri, �~ee~eei, and the out-of-plane stress �rrðiÞ
33 in

terms of the full, six-dimensional stress and strain vectors �rri, �eei as
�~rr~rri ¼ IT�rri; I ¼ ½ i1 i2 i6 �; �rri
33 ¼ iT3 �rri; ð24Þ
where ik is a column vector of order (6 · 1) with the kth entry equals one, and null entries otherwise.

The overall stiffness matrices eLLi and �kki of a transversely isotropic lamina are given by (Bahei-El-Din,

1992)
eLLi ¼
1

k þ m

ELk þ mn 2m‘ 0

2m‘ 4km 0

0 0 pðk þ mÞ

24 35 ¼ fMM�1

i ; �kki ¼
1

k þ m

‘
k � m
0

24 35; ð25Þ
where EL is the overall longitudinal Young�s modulus, and k; ‘;m; n; p are Hill�s (1964) moduli. The latter

are related to the engineering moduli by EL ¼ n� ‘2=k, mL ¼ ‘=2k, m ¼ GT ¼ ET=2ð1þ mT Þ, GL ¼ p, where
ET is transverse Young�s modulus, mL is Poisson�s ratio associated with longitudinal straining, and GL, GT

are longitudinal and transverse shear moduli.

When expressed in the overall coordinate system xj, j ¼ 1, 2, 3, Eqs. (22) and (23) are written as
_~rr~rri ¼ eLLi
_~ee~eei þ ki _rr

ðiÞ
33 þ

_~kk~kki; ð26Þ

_~ee~eei ¼ fMMi
_~rr~rri þ f i _rr

ðiÞ
33 þ _~ll~lli; ð27Þ
where (Bahei-El-Din, 1992)
�~rr~rri ¼ Ri~rri; �rri
33 ¼ ri

33;
�~ee~eei ¼ Ni~eei; ð28Þ

�~kk~kki ¼ Ri
~kki; �~ll~lli ¼ Ni~lli;

~kki ¼ �Li
�~ll~lli; ð29Þ

eLLi ¼ NT
i
eLLiNi ¼ fMM�1

i ; ki ¼ NT
i
�kki ¼ �eLLif i; ð30Þ
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RT
i ¼ N�1

i ¼
cos2 ui sin2 ui � 1

2
sin 2ui

sin2 ui cos2 ui
1
2
sin 2ui

sin 2ui � sin 2ui cos 2ui

24 35; Ni ¼
cos2 ui sin2 ui

1
2
sin 2ui

sin2 ui cos2 ui � 1
2
sin 2ui

� sin 2ui sin 2ui cos 2ui

24 35; ð31Þ
and ui is the angle between the local �xx1-axis and the overall x1-axis, Fig. 3.
In general, six transformation stress components can occur in a lamina. However, only the in-plane

components ~kki ¼ ½k11; k22; k12� cause in-plane stresses in the perfectly bonded plies. The out-of-plane trans-

formation strains caused in the plies can be accommodated without introducing additional in-plane stresses

in the plies. Hence, the lamina stresses due to the in-plane stress _rr and the out-of-plane normal stress _rr33

applied to the laminate, and the lamina transformation stresses are written as the sum of the individual
contributions (Dvorak and Bahei-El-Din, 1995),
_~rr~rri ¼ Hi _rrþ ji _rr33 þ
XN
j¼1

Kij
_~kk~kkj; _rrðiÞ

33 ¼ _rr33; i ¼ 1; 2; . . . ;N : ð32Þ
Matrices Hi and ji are stress distribution factors for in-plane overall stresses, and out-of-plane normal

stress, respectively, Kij is a transformation influence function, and
Hi ¼ eLL iL
�1; ji ¼ eLLiðf � f iÞ; L ¼

XN
i¼1

cieLLi; f ¼ �L�1j; ð33Þ
j ¼
XN
i¼1

ciji; Kij ¼ dijI� cjHi;
XN
i¼1

ciHi ¼ I;
XN
i¼1

ciji ¼ 0; ð34Þ
where ci ¼ hi=h is thickness fraction, h is half the laminate thickness, hi is the lamina thickness, dij is the
Kronecker�s tensor, I is identity matrix, and 0 is a null vector. From (6), (24) and (28), the in-plane

transformation stress ~kki is given for lamina (i) by
~kki ¼ NTIT
XQi

r¼1

crA
T
r
_kkr; ð35Þ
where Qi is the number of subvolumes in lamina (i).
With the lamina stresses now provided in the laminate coordinate system by (32), and in the lamina

coordinates by the transformation rule (28)1, we can proceed to determine the stresses in subvolumes V ðiÞ
r ,

r ¼ 1; 2; . . . ;Qi, for all plies, i ¼ 1; 2; . . . ;N . If a finite element solution is sought in a representative volume

of the lamina (Section 2.3), Eq. (14) is used to determine the nodal forces caused by the lamina stresses
�rri ¼ ½�rr11; �rr22; �rr33; 0; 0; �rr12�ðiÞ. On the other hand, local stresses in the subvolumes can be written in terms of

the laminate applied stresses by substituting (33) into (5)2 and utilizing (25) and (29). The result is
_rrðiÞ
r ¼ BrIRiHi½ � _rrþ ½Brði3 þIRijiÞ� _rr33 þ BrIRi

XN
j¼1

KijN
T
j I

T
XQj

r¼1

crA
T
r
_kkðjÞ
r

 !
þ
XQi

s¼1

FðiÞ
rs
_kkðiÞ
s

� �
: ð36Þ
The first and second terms in (36) provide, respectively, the local stress caused by the overall in-plane

stresses and out-of-plane normal stress applied to the laminate. The last two terms of Eq. (36) represent the

local stresses caused in subvolumes of lamina (i) by transformation stresses found in the subvolumes of all
plies. These represent two effects: one due to the constraints induced by the subvolumes in lamina (i), and
one due to the in-plane equi-strain condition imposed on the plies.
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3.2. Damage-induced transformation stress

In Section 2.2, we considered interface damage in a single lamina and provided certain stress criteria

which signal failure by debonding and/or sliding using two micromechanical models in Section 2.3. Here,
we consider a symmetric laminate with damage in one or more plies and determine how this affects the local

stresses in all plies.

Let t ¼ t� indicate the onset of damage in Q�
g < Qg subvolumes in lamina g ¼ 1; 2; . . . ; P 6N , where Qg is

the number of subvolumes in lamina g. For each such lamina, certain stress components, provided by Eq.

(7), in subvolumes Vq, q ¼ 1; 2; . . . ;Q�
g, are released instantaneously and redistributed simultaneously at a

constant overall stress. Hence, at t ¼ t�þ, immediately after the onset of damage, there is _rr ¼ 0, _rr33 ¼ 0. At

this instant, the released stresses are treated as transformation stresses in the affected subvolumes. When

these are substituted into (36), the local stresses caused instantaneously in all subvolumes Vr,
r ¼ 1; 2; . . . ;Qi, of all plies i ¼ 1; 2; . . . ;N can be found. The accumulated stress in the subvolumes at t ¼ t�

is then updated as
rðiÞ
r ðt�þÞ ¼ rðiÞ

r ðt�Þ � BrIRi

XP
g¼1

KigN
T
gI

T
XQ�

g

q¼1

cqA
ðgÞT
q UðgÞ

q rðgÞ
q ðt�Þ

 !
� dig

XQ�
i

q¼1

FðiÞ
rqU

ðiÞ
q rðiÞ

q ðt�Þ: ð37Þ
We note that the last term is the self-induced stress caused in the subvolumes of lamina (i) by interface

damage found in the same lamina.
4. Implementation and application

To recapitulate, analysis of fibrous laminates with damage evolution at the fiber/matrix interface in the
individual plies was described in terms of two material scales with coupled equations. One material scale

represents the macroscopic behavior of the laminate under in-plane mechanical loads, and the other ma-

terial scale represents the micromechanical behavior of unidirectional composites. In implementing this

procedure, the local, piecewise uniform fields in the subvolumes of the RVE of a unidirectional composite

were computed with the finite element method as outlined in Section 2.3.2. The elastic module of the

Viscopac program developed by Bahei-El-Din (1996) was modified to simulate damage in the matrix ele-

ments located at the fiber interface. As described in Section 2.3.2, this method centers on modifying the

local stiffness for the damaged elements, and redistribution of the affected stress components by applying
equivalent nodal forces. Results obtained from this procedure using the mesh of Fig. 2b are described in

this section. For comparison with predictions of fully debonded averaging models, results obtained with the

Mori–Tanaka model are also shown for some applications.

4.1. Comparison with experiments

The experiments of Ghosh et al. (2000) provide the stress–strain response of a unidirectional composite

loaded in the transverse direction. The fibers are stainless steel filaments with a diameter of 2.36 mm,

Young�s modulus E ¼ 210 GPa, and Poisson�s ratio m ¼ 0:3. The matrix is an epoxy resin with E ¼ 4:6 GPa,

and m ¼ 0:4. The experimental results are provided for two specimens, one with a single fiber, and one with

five fibers. The fiber volume fraction was in the order of 10.7% for the specimen of one fiber, and 1.14% for

the specimen with five fibers.

Our simulation utilized the RVE model of Fig. 1b. Consequently the model represents a composite with

multiple fibers, and as such is expected to be more representative of the five-fiber specimen tested by Ghosh
et al. (2000). Fig. 4 compares the computed and the measured response for the steel/epoxy composite under
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transverse loading. In the linear range, before the onset of interface debonding, the overall response is

dominated by the matrix behavior since the fiber volume fraction in either specimen is small. The computed

response matched the measured response in the linear range when the fiber volume content was set at 8%.
The onset of interface damage occurs in both specimens at an overall stress of 6.8 MPa, and causes a

sudden increase in overall strain, which is substantially larger in the specimen with one fiber than the

specimen with five fibers.

In the simulation, the magnitude of rult, the interface normal bond strength, was determined from the

local maximum normal stress found in the matrix interface elements in direction of the fiber radius at an

overall stress of 6.8 MPa. The magnitude of rult was found as 9.5 MPa, which was then applied throughout

the analysis. The model predictions at, and beyond the onset of interface debonding agree with the ex-

perimental measurements for the specimen with five fibers, Fig. 4. At the onset of interface debonding, the
stresses released from the interface elements in the RVE model lead to a plateau in the stress–strain curve as

shown in Fig. 4, a behavior which is also observed in the experiments.
4.2. Examples

Several examples are described here to illustrate the model predictions for composite laminates under in-

plane loads. The results were obtained for a glass ceramic matrix (CAS), reinforced with a silicon-carbide

fiber at 39% (Wooh and Daniel, 1994). The elastic moduli of the SiC fiber are assumed as E ¼ 170 GPa, and
m ¼ 0:25. The elastic moduli of the matrix were back calculated by matching the overall moduli given by the

Mori–Tanaka averaging model with their counterparts, which were measured by Wooh and Daniel (1994).

The elastic moduli of the CAS matrix were computed as E ¼ 98 GPa, and m ¼ 0:135. The strength of the

fiber/matrix interface was assumed as 50 MPa under debonding, and 80 MPa under sliding. A coefficient of

friction of 0.3 was also assumed at the interface.

The response of a unidirectional composite under off-axis, normal stress is shown in Fig. 5. The pre-

dictions from the periodic array model are shown for loading in the fiber direction, 0�, the transverse

direction, 90�, and at several intermediate angles. The response under transverse loading as predicted with
the Mori–Tanaka averaging model is also shown in Fig. 5. The periodic array model provided an overall
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elastic Young�s modulus EL ¼ 132 GPa in the longitudinal direction, and ET ¼ 126 GPa in the transverse

direction. The Mori–Tanaka estimate under transverse loading is ET ¼ 120 GPa. It is seen that the loading

direction has a small effect on the overall elastic stiffness. This is expected since the ratio of Young�s moduli

of the fiber and the matrix is 1.73, while the ratio of their volume fraction is 0.63. We note that a simple rule

of mixture based on equi-strain in the longitudinal direction of a unidirectional composite, and equi-stress

in the transverse direction provides EL ¼ 126 GPa and ET ¼ 117 GPa. Hence the contributions of the fiber
and the matrix to the overall stiffness are approximately equal in all directions when they are fully bonded.

Up to an overall load of 170 MPa, the composite plies loaded in the fiber direction, and at 15� did not

exhibit failure in any of the matrix elements located at the fiber interface. Loading at a larger off-axis angle

causes the interface to debond and/or slide. Under the interface strength magnitudes listed above, interface

failure was due to fiber sliding in the 30� ply, and due to fiber debonding in the plies loaded at an angle

P 45�. Since the elastic response under all loading directions is almost identical, the changes seen in Fig. 5 in

the overall stiffness beyond the onset of interface failure reflect only the effect of damage on the overall

response. This effect is also shown in Fig. 6 where the damage strain, computed as the difference between
the overall strain and the elastic strain, is plotted versus the applied stress.

The overall stress at the onset of interface debonding decreases as the direction of the applied overall

stress deviates more from the fiber direction. As seen in Figs. 5 and 6, progressive failure in the interface

elements cause sudden, successive increases in the overall strain. Moreover, these results suggest that the

length of the fiber/matrix interface arc, which sustains failure by debonding increases as the off-axis loading

angle increases. For the element subdivision shown in Fig. 2b, damage saturation is reached for a center

angle of the debonded interface arc of 120�. At damage saturation, the overall stiffness computed with the

periodic array model under transverse loading is 98 GPa. On the other hand, the Mori–Tanaka solution for
a porous matrix, which represents a fully debonded fiber, predicts a transverse modulus of 34 GPa. For

comparison, we evacuated all matrix elements in the thin interface layer in the mesh of Fig. 2b and

computed the transverse modulus as 23 GPa. Hence, the ratio of the Mori–Tanaka estimate of the

transverse elastic modulus of a unidirectional composite to that given by the periodic array model is 1.48

for a fully debonded fiber, but only 0.95 for a fully bonded interface.

The overall response of a quasi-isotropic, (0/±45/90) symmetric laminate caused by an overall stress

applied in direction of the 0� ply is shown in Figs. 7 and 8. The results predicted by the periodic array RVE
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model, Fig. 2, and by the averaging model are shown. Initial failure is detected in the 90� ply due to ex-

ceeding the ultimate normal strength at the interface. While the fiber in the averaging model debonds at the

entire fiber circumference, progressive debonding occurs in the RVE model. This is illustrated in Fig. 9,

which shows the evolution of damage in the 90� ply as the overall load applied to the laminate increases. It

is seen that the length of the damaged fiber interface arc increases with loading, and a damage saturation

state occurs at an arc center angle h of 120�, and an overall stress of 149.79 MPa. Interface damage occurs

in the off-axis, ±45� plies, also by debonding rather than sliding. This occurs simultaneously with the

damage seen in the 90� ply, but initiates at a higher overall stress of 93.59 MPa, compared to 49.48 MPa for
the onset of damage in the 90� ply. Fig. 10 illustrates the evolution of damage in the ±45� plies.
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5. Closure

An analysis scheme for evaluation of the overall response of symmetric laminates under in-plane loads,

while undergoing progressive fiber debonding in the individual plies was developed. The method is a micro/

macro-mechanical analysis, which connects events at the local scale to the laminate structural scale through

stress transformation factors. The solution is obtained by a coupled closed form analysis for the laminate,



Fig. 10. Model predictions for the debonding configuration in the ±45� plies of a SiC/CAS, [0/±45/90]s laminate subjected to a normal

stress in direction of the 0� ply.
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and finite element analysis for the plies. The latter was performed for a RVE derived from an assumed

hexagonal periodic array microstructure. Fiber debonding and/or sliding can take place progressively and

simultaneously in the individual plies.

The onset of fiber debonding in the plies was based on a stress criterion in terms of the stresses in a small
matrix volume located at the fiber interface, and resolved in the radial and tangential directions. Modifying

the local stiffness associated with the affected stress components leads to stress redistribution in the RVE,

and to overall transformation stresses, which cause additional stresses in the coupled plies.

The work described in this paper establishes a connection between damage initiation in the form of fiber

debonding, and its progression, in a unidirectional fibrous lamina and the overall response of a laminated

plate. Any micromechanical model can be utilized in the proposed analysis scheme. The periodic array

model used here to describe fiber debonding and sliding represents a departure from averaging the local

effects towards detailed modeling of the local stress gradients and their effect on damage progression, albeit
at a higher computation cost. However, utilizing a periodic array of fibers in modeling damage implies its

initiation and progression in a periodic pattern, which would not be the behavior of a real composite system

where variations in the fiber spacing and interface strength are expected. An alternative is found in partially

debonded or imperfect interface models, with statistical variations in the interface strength. However,

solutions for this class of models at high fiber concentrations where fiber interaction is significant are not

fully developed.

Finally, we note that although the focus in the present work was on fiber debonding caused by me-

chanical loads, the proposed analysis scheme can be utilized for other forms of local damage and applied
loads. For example, matrix cracking can be modeled for the finite matrix elements in the RVE using

continuum damage mechanics, and thermal strains can be easily accounted for in the lamina analysis. Also,



Y.A. Bahei-El-Din, A.G. Botrous / International Journal of Solids and Structures 40 (2003) 7035–7053 7051
adopting other damage criteria for the initiation of fiber debonding in the present analysis, such as a critical

energy criterion, which is known to be more suitable for small fiber volume fractions, can be easily

achieved.
Appendix A

Here, we record some results related to estimates of the overall moduli of fibrous composites using

averaging models. Both the fiber and matrix are assumed to be transversely isotropic with x1 as the axis of
rotational symmetry. Let EL and ET denote, respectively, the longitudinal and transverse elastic Young�s
modulus, and mL and mT denote Poisson�s ratios under axial and transverse straining. Similarly, we denote

the longitudinal and transverse elastic shear moduli by GL and GT . The elastic stress–strain relation e ¼ Mr
for either phase, as well as for unidirectional fibrous composites, where M is the elastic compliance matrix,

is written using the engineering moduli as
e11
e22
e33
2e23
2e31
2e12

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
¼

1=ET �mT=EL �mL=EL 0 0 0

1=ET �mL=ET 0 0 0

1=ET 0 0 0

1=GT 0 0
SYM: 1=GL 0

1=GL

26666664

37777775
r11

r22

r33

r23

r31

r12

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
: ðA:1Þ
The stiffness L ¼ M�1 is best written in terms of Hill�s (1964) moduli,
k ¼ �½1=GT � 4=ET þ 4m2L=EL��1
; ‘ ¼ 2kmL;

n ¼ EL þ 4km2L ¼ EL þ ‘2=k; m ¼ GT ; p ¼ GL:
ðA:2Þ
The constitutive relation r ¼ Le is then written as
r11

r22

r33

r23

r31

r12

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
¼

n ‘ ‘ 0 0 0

ðk þ mÞ ðk � mÞ 0 0 0

ðk þ mÞ 0 0 0

m 0 0

SYM: p 0

p

26666664

37777775
e11
e22
e33
2e23
2e31
2e12

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
: ðA:3Þ
Estimates of the overall moduli of two-phase fibrous composite materials by the Mori–Tanaka model

are given by (Chen et al., 1992)
p ¼ 2cf pmpf þ cmðpmpf þ p2mÞ
2cf pm þ cmðpf þ pmÞ

; m ¼ mmmf ðkm þ 2mmÞ þ kmmmðcfmf þ cmmmÞ
kmmm þ ðkm þ 2mmÞðcfmm þ cmmf Þ

;

k ¼ cf kf ðkm þ mmÞ þ cmkmðkf þ mmÞ
cf ðkm þ mmÞ þ cmðkf þ mmÞ

; ‘ ¼ cf ‘f ðkm þ mmÞ þ cm‘mðkf þ mmÞ
cf ðkm þ mmÞ þ cmðkf þ mmÞ

;

n ¼ cmnm þ cf nf þ ð1� cf ‘f � cm‘mÞ
‘f � ‘m
kf � km

:

ðA:4Þ
Under interface debonding or sliding in the transverse plane, which is modeled by prescribing

Ef
T ¼ Gf

T ¼ 0 (Section 2.3.1), the Mori–Tanaka overall moduli are found from (A.4) by substituting
kf ¼ ‘f ¼ mf ¼ 0, nf ¼ Ef

L , and pf ¼ Gf
L. If on the other hand interface sliding occurs under longitudinal

shear, the overall moduli are found from (A.4) by substituting pf ¼ Gf
L ¼ 0.
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Appendix B

Referring to the interface damage criteria given in Eqs. (15), (16) and (18) for a fibrous composite

modeled with a periodic microstructure, the stresses released due to each criterion are written as shown in
Eq. (7). Matrix Uq is found by first transforming the current stress rqðt�Þ to the cylindrical coordinates

shown in Fig. 2b, which we denote by x
_
1; x

_
R; x

_
T

� �
, then determine which resolved stress tractions are to be

released based on the above damage criteria. These tractions are then transformed back into the lamina

coordinate system ð�xx1;�xx2;�xx3Þ. With reference to the x
_

coordinates, certain entries of the elastic stiffness

matrix L
_

q are reduced to zero to reflect inability of the interface to transmit stresses.

For damage by radial debonding, Eq. (15), L
_ðqÞ

ij ¼ L
_ðqÞ

ji ¼ 0, i ¼ 2, j ¼ 1; 2; . . . ; 6, and
Uq ¼

0 0 0 0 0 0

0 cos4 wq
1
4
sin2 2wq cos2 wq sin 2wq 0 0

0 1
4
sin2 2wq sin4 wq sin2 wq sin 2wq 0 0

0 1
2
cos2 wq sin 2wq

1
2
sin2 wq sin 2wq

1
2
sin2 2wq 0 0

0 0 0 0 0 0

0 0 0 0 0 0

26666666664

37777777775
: ðB:1Þ
For damage by the shear sliding in the transverse plane, Eq. (16), L
_ðqÞ

ij ¼ L
_ðqÞ

ji ¼ 0, i ¼ 4, j ¼ 1; 2; . . . ; 6, and
Uq ¼

0 0 0 0 0 0

0 1
2
sin2 2wq � 1

2
sin2 2wq � sin 2wq cos 2wq 0 0

0 � 1
2
sin2 2wq

1
2
sin2 2wq sin 2wq cos 2wq 0 0

0 � 1
2
sin 2wq cos 2wq

1
2
sin 2wq cos 2wq cos2 2wq 0 0

0 0 0 0 0 0

0 0 0 0 0 0

26666666664

37777777775
: ðB:2Þ
Under shear sliding in the longitudinal plane, Eq. (18), L
_ðqÞ

ij ¼ L
_ðqÞ

ji ¼ 0, i ¼ 6, j ¼ 1; 2; . . . ; 6, and
Uq ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 sin2 wq
1
2
sin 2wq

0 0 0 0 1
2
sin 2wq cos2 wq

266666664

377777775: ðB:3Þ
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